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LIPSCHITZ METRIC FOR THE PERIODIC CAMASSA HOLM 

EQUATION 

KATRIN GRUNERT, HELGE HOLDEN, AND XAVIER RAYNAUD 



Abstract. We study stability of conservative solutions of the Cauchy problem 
for the periodic Camassa-Holm equation ut — u^xt + SuMx — 2uxUxx — uuxxx = 
^^ with initial data uq. In particular, we derive a new Lipschitz metric d-p 

J^ with the property that for two solutions u and v of the equation we have 

dx>(u{t),v{t)) < e^^dx){uQ,VQ). The relationship between this metric and 



usual norms in -ffpc^ and LSJ^r i^ clarified. 



1. Introduction 
The ubiquitous Camassa-Holm (CH) equation O [7] 



< 

'^ Ut- Uxxt + KUx + iuUx - 2UxUxx - UUxxx = 0, (1.1) 

Q where k G M is a constant, has been extensively studied due to its many intriguing 

properties. The aim of this paper is to construct a metric that renders the flow 

^_H generated by the Camassa-Holm equation Lipschitz continuous on a function space 

^ in the conservative case. To keep the presentation reasonably short, we restrict the 

Gp discussion to properties relevant for the current study. 

^ More precisely, we consider the initial value problem for ( 1.1 ) with periodic initial 

j!^ data u\t=o — uq. Since the function v{t, x) = u{t, x — Kt/2) + k/2 satisfies equation 

(1.1) with K = 0, we can without loss of generality assume that k vanishes. For 

o 



convenience we assume that the period is 1, that is, uq{x + 1) = 1*0(2;) for a: G M. 
^~^ The natural norm for this problem is the usual norm in the Sobolev space H^^^. as 



we have that 

:iTlkWllffi =- f {u^ + ul)dx^2 f {uut + u,u,t)dx = (1.2) 

at p" at Jq Jq 

(by using the equation and several integration by parts as well as periodicity) 
for smooth solutions u. Even for smooth initial data, the solutions may develop 
singularities in finite time and this breakdown of solutions is referred to as wave 
breaking. At wave breaking the H^ and L°° norms of the solution remain finite 
while the spatial derivative u^ becomes unbounded pointwise. This phenomenon 
can best be described for a particular class of solutions, namely the multipeakons. 
For simplicity we describe them on the full line, but similar results can be described 
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Figure 1. The dashed curve depicts the antisymmetric multi- 
peakon solution u(t,x)^ which vanishes at t* , for t = (on the 
left) and t — t* (on the right). The solid curve depicts the multi- 
peakon solution given by u^(i, x) — u(t — s,x). 

in the periodic case. Multipeakons are solutions of the form (see also [T5] ) 






u{t,x) = }_^Mt)e-^^-^^W\, (1.3) 

Let us consider the case with n = 2 and one peakon pi{0) > (moving to the 
right) and one antipeakon P2{0) < (moving to the left). In the symmetric case 
(pi(0) = — P2(0) and gi(0) = —52(0) < 0) the solution u will vanish pointwise at 
the collision time t* when qi(t*) = q2{t*), that is, u{t* , a;) = for all a: e M. Clearly 
the well-posedness, in particular, Lipschitz continuity, of the solution is a delicate 
matter. Consider, e.g., the multipeakon u^ defined as u^{t,x) = u{t — e,a;), see 
Figure [1] For simplicity, we assume that ||u(0)||^i = 1. Then, we have 

lim ||w(0) - u^{Q)\\hi = and \\u{t*) - u"(i*)||^i = l|u''(t*)||^i = 1, 

and the flow is clearly not Lipschitz continuous with respect to the H^ norm. 

Our task is here to identify a metric, which we will denote by dp for which con- 
servative solutions satisfy a Lipschitz property, that is, if u and v are two solutions 
of the Camassa-Holm equation, then 

dv{u{t),v{t)) < CTdviuo,vo), te [o,r] 

for any given, positive T. For nonlinear partial differential equations this is in 
general a quite nontrivial issue. Let us illustrate it in the case of hyperbolic con- 
servation laws 

In the scalar case with u = u{x, t) e M, x G M, it is well-known [10] that the solution 
is L^-contractive in the sense that 

hW-«WllLi(R) < ll"o-wo||ii(R), te [0,00). 

In the case of systems, i.e., for u e M" with n > 1 it is known [10] that 

II"W-^'WIIli(r) ^ C'Iko- wollii(R), te [0,00), 
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for some constant C . More relevant for the current study, but less well-known, is 
the recent analysis [S] of the Hunter-Saxton (HS) equation 

Ut+uu^^-( uldx- uldx), u\t^o = uo, (1.4) 

^ ./ — oo J X 

or alternatively 

(ut + uux)x ^ ^ul, u\t=a^uo, (1.5) 

which was first introduced in jI6] as a model for liquid crystals. Again the equation 
enjoys wave breaking in finite time and the solutions are not Lipschitz in term of 
convex norms. The Hunter-Saxton equation can in some sense be considered as 
a simplified version of the Camassa-Holm equation, and the construction of the 
semigroup of solutions via a change of coordinates given in [5] is very similar to 
the one used here and in [14^ for the Camassa-Holm equation. In [SI the authors 
constructed a Riemannian metric which renders the conservative flow generated by 
the Hunter-Saxton equation Lipschitz continuous on an appropriate function space. 

For the Camassa-Holm equation, the problem of continuation beyond wave 
breaking has been considered by Bressan and Constantin [31 [3] and Holden and 
Raynaud [T^l HH [H] (see also Xin and Zhang [T71 [TS] and Coclite, Karlsen, and 
Holden [Hl[5]). Both approaches are based on a reformulation (distinct in the two 
approaches) of the Camassa-Holm equation as a semilinear system of ordinary dif- 
ferential equations taking values in a Banach space. This formulation allows one 
to continue the solution beyond collision time, giving either a global conservative 
solution where the energy is conserved for almost all times or a dissipative solution 
where energy may vanish from the system. Local existence of the semilinear system 
is obtained by a contraction argument. Going back to the original function u, one 
obtains a global solution of the Camassa-Holm equation. 

In [3], Bressan and Fonte introduce a new distance function J{u, v) which is de- 
fined as a solution of an optimal transport problem. They consider two multipeakon 
solutions u{t) and v{t) of the Camassa-Holm equation and prove, on the intervals 
of times where no collisions occur, that the growth of J{u{t),v{t)) is linear (that 
is, ^{u{t),v{t)) < CJ{u{t),v{t)) for some fixed constant C) and that J{u{t),v{t)) 
is continuous across collisions. It follows that 

J{u{t),v{t)) < e'^^ J(u(0), v(0)) (1.6) 

for all times t that are not collision times and, in particular, for almost all times. 
By density, they construct solutions for any initial data (not just the multipeakons) 



and the Lipschitz continuity follows from (1.6). As in [3], the goal of this article 
is to construct a metric which makes the flow Lipschitz continuous. However, we 
base the construction of the metric directly on the reformulation of the equation 
which is used to construct the solutions themselves, and we use some fundamental 
geometrical properties of this reformulation (relabeling invariance, see below). The 
metric is deflned on the set V which includes configurations where part of the energy 
is concentrated on sets of measure zero; a natural choice for conservative solutions. 
In particular, we obtain that the Lipschitz continuity holds for all times and not 
just for almost all times as in [4]. 

Let us describe in some detail the approach in this paper, which follows [14] 
quite closely in setting up the reformulated equation. Let u = u{t, x) denote the 
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solution, and y(i,^) the corresponding characteristics, thus yt(i,0 = ""(^lyl^iO)- 
Our new variables are y{t,^), 

U{t,0^u{t,y{t,0), H{t,0^ {u^+ul)dx (1.7) 

Jy{t,0) 

where U corresponds to the Lagrangian velocity while H could be interpreted as 
the Lagrangian cumulative energy distribution. In the periodic case one defines 

Q = ^(^^ / sinh(y(0 - y{v)){Uhj^ + H^iv) dii (1.8) 

1 [^ 
- ^ sign(^ - 77) exp ( - sign(^ - T]){y{£.) - y{r]))){U^y^ + H^){r]) dr], 

1 r^ 

P ^^^^J^ cosh(y(0 - yivmU^Vi + HOiDdrj (1.9) 

1 f^ 
+ -J exp ( - sign(e - r]){y{^) - y{ri))){U^y^ + H^)iv) drj. 

Then one can show that 

yt^u, 

Ut - -Q, (1.10) 

Ht - [U^ - 2PU]i 



is equivalent to the Camassa-Holm equation. Global existence of solutions of ( 1.10 ) 
is obtained starting from a contraction argument, see Theorem |2.4[ The issue of 
continuation of the solution past wave breaking is resolved by considering the set 
V (see Definition pTJ) which consists of pairs {u, fi) such that (u, /i) S I? if w S ^pcr 
and /i is a positive Radon measure with period one, and whose absolutely contin- 
uous part satisfies /iac — {u? + u^)dx. With three Lagrangian variables {y,U,H) 
versus two Eulerian variables (u, /x), it is clear that there can be no bijection be- 
tween the two coordinate systems. If two Lagrangian variables correspond to one 
and the same solution in Eulerian variables, we say that the Lagrangian variables 
are relabelings of each other. To resolve the relabeling issue we define a group 
of transformations which acts on the Lagrangian variables and lets the system of 



equations (1.10) invariant. We are able to establish a bijection between the space 
of Eulerian variables and the space of Lagrangian variables when we identify vari- 
ables that are invariant under the action of the group. This bijection allows us to 
transform the results obtained in the Lagrangian framework (in which the equation 
is well-posed) into the Eulerian framework (in which the situation is much more 
subtle) . To obtain a Lipschitz metric in Eulerian coordinates we start by construct- 
ing one in the Lagrangian setting. To this end we start by identifying a set J^ (see 



Definition 2.2 1 that leaves the flow (1.10) invariant, that is, if Xq G J- then the 



solution X{t) of (1.10 1 with X{0) = Xq wifl remain in J", i.e., X{t) e T. Next, 



we identify a subgroup G, see Definition 3.1 of the group of homeomorphisms on 



the unit interval, and we interpret G as the set of relabeling functions. From this 
we define a natural group action of G on T, that is, $(/, X) = X • f for f £ G 
and X £ F, see Definition |3.1| and Proposition |3.3| We can then consider the 
quotient space T jG. However, we still have to identify a unique element in T for 



each equivalence class in TjG. To this end we introduce the set H, see (3.6), of 



elements in T for which J^ y{£,)d£, = and y^ + H^ = 1 + \\H^\\^i. This establishes 
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a bijection between T jG and H, see Lemma 3.5 and therefore between "H and T). 
Finally, we define a semigroup S't(Xo) = Xit) on 'H (Definition 3.7), and the next 
task is to identify a metric that makes the flow St Lipschitz continuous on Ti.. We 
use the bijection between Ti. and I? to transport the metric from T-iXoT) and get a 
Lipschitz continuous flow on TD . 

In '14j , the authors define the metric on Ti. by simply taking the norm of the 
underlying Banach space (the set "H is a nonlinear subset of a Banach space) . They 
obtain in this way a metric which makes the flow continuous but not Lipschitz 



continuous. As we will see (see Remark 4.8), this metric is stronger than the one 



we construct here and for which the flow is Lipschitz continuous. In [5 , for the 
Hunter-Saxton equation, the authors use ideas from Riemannian geometry and 
construct a semimetric which identifies points that belong to the same equivalence 
class. The Riemannian framework seems however too rigid for the Camassa-Holm 
equation, and we have not been able to carry out this approach. However, we retain 
the essential idea which consists of finding a semimetric which identifies equivalence 
classes. Instead of a Riemannian metric, we use a discrete counterpart. Note that 
this technique will also work for the Hunter-Saxton and will give the same metric 
as in [5 . A natural candidate for a semimetric which identifies equivalence classes 
is (cf. dtl] )) 

J{X,Y)^ inf ||X./-y..9ll, 

which is invariant with respect to relabeling. However, it does not satisfy the 
triangle inequality. Nevertheless it can be modified to satisfy all the requirements 
for a metric if we instead define, see Definition 4.2 the following quantitjrj 



N 

d(X,y)=inf^J(X„_i,X„) (1.11) 

where the infimum is taken over all finite sequences {X„}^^q e J- which satisfy 
Xq = X and Xj^ = Y . One can then prove that d(X, F) is a metric on "H, see 



Lemma 4.7 Finally, we prove that the flow is Lipschitz continuous in this metric, 
see Theorem 14.91 To transfer this result to the Eulerian variables we reconstruct 
these variables from the Lagrangian coordinates as in [13]: Given X e J^, we 



define (u,/i) S 2? by (see Definition 5.3) u(x) — U{^) for any ^ such that x — 



y{£,), and /i — y^{vd^). We denote the mapping from J^ to I? by M, and the 
inverse restricted to % by L. The natural metric on T), denoted d-p, is then defined 
by dx>{{u, ^),{u,p)) — d{L{u, ^), L{u, p,)) for two elements (u,/i), (u,/i) in P, see 
Definition |5.7| The main theorem. Theorem |5.9| then states that the metric d-v is 
Lipschitz continuous on all states with finite energy. In the last section. Section 
[6j the metric is compared with the standard norms. Two results are proved: The 
mapping u i— >■ (u, {u^ + u'^)dx) is continuous from H^^^ into D (Proposition 
Furthermore, if {un, fJ-n) is a sequence in V that converges to {u, ii) in V 
Un — ^ u in LS^j. and /i„ — ^ /i (Proposition 



6.1). 



6.2) 



The problem of Lipschitz continuity can nicely be illustrated in the simpler 
context of ordinary differential equations. Consider three differential equations: 

X — a(x), a;(0) — xq, a Lipschitz, (1.12a) 

i = 1 + aH{x), x{0) = Xq, H the Heaviside function, a > 0, (1.12b) 

This idea is due to A. Bressan (private communication). 
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1 /2 

X = \x\ , a;(0) = xq, t i-^ x{t) strictly increasing. 

Straightforward computations give as solutions 



x{t) = xq + a{x{s)) ds, 

Jo 
x{t) = (1 + aH{t - tn)){t - to), to = -xo/(l + aH{xo)), 

x{t) = sign(-+wo)(- 



vo 



where vo — sign(a;o) |a;o| 
We find that 

\x{t) - x{t)\ < e^' \xo - xq\ , L^ 
\x{t)-x{t)\ < (l + a)\xo-xo\, 
x(t) - x(t) = t{xo - xoY^"^ + \xo-xo\, 



(1.12c) 

(1.13a) 
(1.13b) 
(1.13c) 



I Lip 



(1.14a) 

(1.14b) 

when xo = 0, f > 0, xo > 0. (1.14c) 



Thus we see that in the regular case (1.12a I we get a Lipschitz estimate with 



constant e^* uniformly bounded as t ranges on a bounded interval. In the second 
case (1.12b I we get a Lipschitz estimate uniformly valid for all i e M. In the 



final example (1.12c), by restricting attention to strictly increasing solutions of the 



ordinary differential equations, we achieve uniqueness and continuous dependence 
on the initial data, but without any Lipschitz estimate at all near the point xo = 0. 
We observe that, by introducing the Riemannian metric 



d{x, x) 



dz 



,1/2 



an easy computation reveals that 

d{x{t),x{t)) = d{xo,xo) 



(1.15) 



(1.16) 



Let us explain why this metric can be considered as a Riemannian metric. The 
Euclidean metric between the two points is then given 

r-l 



\Xi3 - xo\^ inf / \xs{s)\ ds 

'0 



(1.17) 



where the infimum is taken over all paths x: [0,1] — > M that join the two points 
xo and xo, that is, x{0) — xo and a;(l) — xo- However, as we have seen, the 
solutions are not Lipschitz for the Euclidean metric. Thus we want to measure the 
infinitesimal variation Xs in an alternative way, which makes solutions of equation 



(1.12c) Lipschitz continuous. We look at the evolution equation that governs Xg 



and, by differentiating (1.12c I with respect to s, we get 

sign(x)xs 



and we can check that 




= 0. 



(1.18) 



Let us consider the real line as a Riemannian manifold where, at any point a; S K, 
the Riemannian norm is given by \v\ / \/\x\ for any tangent vector i; G K in the 
tangent space of x. From (1.181, one can see that at the infinitesimal level, this 
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Riemannian norm is exactly preserved by the evolution equation. The distance on 
the real line which is naturally inherited by this Riemannian is given by 



d{xo,xo) 



inf 



ds 



where the infimum is taken over all paths x: [0, 1] — > R joining xg and Xq. It is 
quite reasonable to restrict ourselves to paths that satisfy Xg > and then, by a 



change of variables, we recover the definition (1.15) 



The Riemannian approach to measure a distance between any two distinct points 



in a given set (as defined in ( 1.17l) requires the existence of a smooth path between 



points in the set. In the case of the Hunter-Saxton (see [S]), we could embed the 
set we were primarily interested in into a convex set (which is therefore connected) 
and which also could be regularized (so that the Riemannian metric we wanted to 
use in that case could be defined). In the case of the Camassa-Holm equation, 
we have been unable to construct such a set. However, there exists the alternative 
approach which, instead of using a smooth path to join points, uses finite sequences 



of points, see (1.11 ). We illustrate this approach with equation ( 1.12c ). We want to 



define a metric in (0, oo) which makes the semigroup of solutions Lipschitz stable. 
Given two points x,x £ (0, oo), we define the function J: (0, oo) x (0, oo) -^ [0, oo) 
as 

if X > a;. 



J{x,x) 



x — x 

gl/2 



X — X 
cl/2 



if X < X. 



The function J is symmetric and J(x^x) = if and only if x = x, but J docs not 
satisfy the triangle inequality. Therefore we define (cf. (1.11[)) 



d{x, x) 



Af 

— inf 2^ J{xn 



f-n+l 



(1.19) 



where the infimum is taken over all finite sequences {x„}^^q such that xq = x and 
xat = X. Then, d satisfies the triangle inequality and one can prove that it is also 
a metric. Given x„,x„+i € E such that x„ < x„+i, we denote x„(i) and x„+i(t) 
the solution of (1.12c) with initial data x„ and x„+i, respectively. After a short 



computation, we get 

— J(x„(t),x„+i(t)) = - — 
Hence, J(x„(i),x„_|_i(t)) < J(x„,x„+i) so that 



■ \-^n 



n+1 



2^ 



n-^n+1 . 



<o. 



d(x(t),x(i)) <d{x,x) 



and the semigroup of solutions to (1.12c) is a contraction for the metric d. It follows 



from the definition of J that, for xi, X2, X3 € E with xi < X2 < X3, we have 

J(xi, X2) + J(X2, X3) < J(xi, X3). (1.20) 

It implies that d{x, x) satisfies 



N 



d{x, x) = inf 2_^ J(x„, x„+i) 

ra=0 
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where S = min„ |a;„-|-i — a;„|, which is also the definition of the Riemann integral, 
so that 

r 1 

d{x, x) = I —= dz 
Jx Vz 

and the metric we have just defined coincides with the Riemannian metric we have 

introduced. Note that if we choose 



J{x,x) 



^1/2 it X > X 

jl/2 11 X < X, 



then (1.20) does not hold; we have instead J(xi,a;3) < J{xi,X2) + J{x2,X3), which 
is the triangle inequality. Thus, for d as defined by (1.191 with J replaced by J, we 
get 

d{x,x) = J{x,x) ^ / —=dz. 

Jx V^ 

It is also possible to check that, for J, we cannot get that J(a;„(i),a;„+i(t)) < 
CJ{x„,Xn+i) for any constant C for any Xn and Xn+i and t G [0,T] (for a given 
T), so that the definition of J is inappropriate to obtain results of stability for 
( [lT2c1 ). 

2. Semi-group of solutions in Lagrangian coordinates 
The Camassa-Holm equation for k = reads 

Ut - Uxxt + iuUx - 2UxUxx " UUxxx = 0, (2.1) 

and can be rewritten as the following systerrjj 

Ut + uux + Px=0, (2.2) 

P-Pxx=n' + \ul. (2.3) 

We consider periodic solutions of period one. Next, we rewrite the equation in 
Lagrangian coordinates. Therefore we introduce the characteristics 

yt{t,i)=u(t,y{t,0)- (2.4) 

We introduce the space Vi defined as 

V,={fe Wl^^{R) I /(e + 1) - f{0 + 1 for aU S, e M}. 

Functions in Vi map the unit interval into itself in the sense that if u is periodic 
with period 1, then wo / is also periodic with period 1. The Lagrangian velocity U 
reads 

U{t,0^u{t,v{t,0)- (2.5) 

We will consider y gVi and U periodic. We define the Lagrangian energy cumula- 
tive distribution as 

H(t,^)= {u^ +ul){t,x)dx. (2.6) 

Jy{t,Q) 

For all t, the function H belongs to the vector space V defined as follows: 

V = {f e W^^^iR) I there exists a G E 

such that /(C + 1) = /(O + a for all ^ G M}. 

For K nonzero, equation ||2.2[l is simply replaced by P — Pxx = k,u + m^ + |m^. 
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Equip V with the norm 

WfWv = II/IIl-([o,i]) + II/«IIli([o,i]) ■ 

As an immediate consequence of the definition of the characteristics we obtain 

Ut{t,0 = Ut{t,y)+yt{t,OuAt,y) = -Px o y(i,0- (2-7) 

This last term can be expressed uniquely in term of U, y, and H. We have the 
following explicit expression for P, 

P(i, x) = l f e-l--^l {u'{t, z) + \ul{t, z)) dz. (2.8) 

Thus, 

P. o yit,0 = -\ I sign(y(i,e) - z)e-\y'^'^^^'^\u\t,z) + \ul{t,z))dz, 

^ JR ^ 

and, after the change of variables z — y{t,ri), 

P.oyit,0 = -l f fsign(y(i,e)-y(t,r7))e-l^(*'«)-^(*''')l 



X (u\t, y{t, f])) + ^ulit, y{t, 77)) j y^{t, 77)] di^. (2.9) 

We have 

H^ = {^i^+ul)oyy^=:j,. (2.10) 

Note that v is periodic with period one. Then, (2.9) can be rewritten as 

P. ° y{i) ^~IJ sign(y(0 " yiv)) exp(- \y{0 - vMDiU^Vi + ^)(^) dv, (2.11) 

where the t variable has been dropped to simplify the notation. Later we will prove 
that y is an increasing function for any fixed time t. If, for the moment, we take 
this for granted, then P^ o y is equivalent to Q where 

Q(i,0 = -^ f sign{^-rj)exp{-sign{C-v){y{0-yiv)))iU^yi + '^)iv)dri, (2.12) 

4 JR 

and, slightly abusing the notation, we write 

P{t, ^) = 1 / exp ( - sign(e - v)iyiO - yiv))) {U^yi + v) iv) dr,. (2.13) 

The derivatives of Q and P are given by 

Qe = -\v - Qf/' - p\ vi and Pe = Qy^^ (2-14) 

respectively. For ^ e [0, 1], using the fact that ?;(^ + l) = 2/(0 + 1 and the periodicity 
of V and C/, the expressions for Q and P can be rewritten as 

Q = 7^1^, I sinh(y(0 - y(^))(f/'y? + ^){v) dv 

2(e-l)7o 

1 f^ 

-^ s^gHi-v)exp{-sign{^~r]){y{^)-y{f]j)){U^y^ + i^){r])dri, (2.15) 



and 

1 /•! 

r2 



P = ^(^31) J^ cosh(y(0 - y(??))(C/'yc + i^){v) dv 
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exp I 



3ign(e - v){y{0 - yiv))) {u^v^ + ^){^i) dv- (2.16) 



Thus Px ° y and P o y can be replaced by equivalent expressions given by (2.12) 



and (2.13) which only depend on our new variables U, H, and y. We obtain a new 



system of equations, which is at least formally equivalent to the Camassa-Holm 
equation: 

yt^u, 
Ut = -Q, 



(2.17) 



Ht 



2PU]l 



er differentiating (2.17| we find 




• y?t = u^, 


< 


% = ^.+ Qt/^-p).«, 




H^t = -2Q Uy^ + {3U^ - 2P) U^ 



(2.18) 



(2.19) 



(2.20) 



From (2.17) and (2.181, we obtain the system 

( yt^u, 

Ut = -Q, 
_ i/t = -2Q Uy^ + (3C/2 - 2P) U^. 
We can write (2.19) more compactly as 

Xt = F{X), X^{y,U,v). 
Let 

W^pcr = {./ e <'c (K) I /(^ + 1) = /(O for an e e M}. 
We equip W^^J with the norm of V, that is, 

ll-^llw'piJ ^ II-/'IIl°=([o,i]) + ll/cllLi([oa]) ' 

which is equivalent to the standard norm of VFp^J because ||/||ii(ro ii) < ll/llL°°(fo il) 

II/IIli([o 11) + ll/jlliiffo 11)- ^^^ ^ ^® *^® Banach space defined as 

E = V X W'^'^ X L^ 

We derive the following Lipschitz estimates for P and Q. 

Lemma 2.1. For any X — [y, [/, v) in E , we define the maps Q and V as Q{X) = 
Q andV{X) ~ P where Q and P are given by (2.12) and (2.13), respectively. Then, 
V and Q are Lipschitz maps on bounded sets from E to Wl^. More precisely, we 
have the following bounds. Let 



< 



Bm = {X^ iy,U,iy) e E I WUWy^ui + bdLi + Ikllii < M}. 
Then for any X, X Cz Bm, we have 



Q{X) - Q{X) 



V{X)~V{X) 



<c 



wl 



M 



<c 



M 



X -X 



X -X 



(2.21) 

(2.22) 
(2.23) 



where the constant Cm only depends on the value of M . 
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Proof. Let us first prove that V and Q are Lipschitz maps from Bm to iS^^- Note 
tliat by using a change of variables in (2.15) and (2.16), we obtain that V and Q are 
periodic with period 1. Let now X = (j/, [/, v) and X = (y, [/, v) be two elements 
of Bm- Since the map x i— >■ cosh a; is locally Lipschitz, it is Lipschitz on [—M, M]. 
We denote by Cm a generic constant that only depends on M. Since, for all ^, rj in 



[0, 1] we have \y{() - y{r])\ < \\y^\ 



Li' 



we also have 



|cosh(2/(0 - y{v)) - cosh(y(0 - y(r;))| < Cm \yiO - viO - viv) + yiv)] 

< Cm lly-yllioo . 

It follows that, for all £, € [0, 1], 



cosh(y(e) - y{ ■ )){U^v^ + ^)( • ) - cosh(y(0 - y{ ■ ))iU% + {>){■) 



<C 



M\ 



\y~y\\ 



+ u-u 



+ m~mL^ + 



Li 



and the map X = {y,U,v) '-^ 2(^ /0 cosh(2/(^) - y{f])){U'^y^ + i^){r])di] which 
corresponds to the first term in ( 2.16[ ) is Lipschitz from Bm to Xg^,. and the Lipschitz 
constant only depends on M. We handle the other terms in (2.16) in the same way 
and we prove that V is Lipschitz from Bm 
Q: Bm 



Similarly, one proves that 



— ^ ^S^r is Lipschitz for a Lipschitz constant which only depends on M. 



Direct differentiation gives the expressions (2.14) for the derivatives P^ and Q^ of 
P and Q. Then, as V and Q are Lipschitz from Bm to iS^ri "^^ have 

\\QiX)^-Qixm,, 



y^V{X) ~ y^V{X) - -{U'y^ ~ U%) -v + v 



<Cm{ V{X)-V{X) 



U-U 



m-yih^ + \\'^-v\\li 



<c 



M 



X -X 



Hence, we have proved that Q : Bm -^ W^poJ i^ Lipschitz for a Lipschitz constant 
that only depends on M. We prove the corresponding result for V in the same 
way. D 



The short-time existence follows from Lemma 2.1 and a contraction argument. 
Global existence is obtained only for initial data which belong to the set T as 
defined below. 

Definition 2.2. The set T is composed of all (y, U,v) ^ E such that 

y e Fi, (y, U) e Wl^m X <„f (M), v ^ L^ , (2.24a) 

j/^ > 0, i^ > 0, yi^ + v > c almost everywhere, for some constant c > 0, (2.24b) 
yf^v^yAJ + t/c almost everywhere. (2.24c) 



Lemma 2.3. The set J- is preserved by the equation (2.19), that is, if X{t) solves 
(|2.19[) for t e [0, T] with initial data Xq G T, then X(t) e T for all t G [0, T\. 



The proof is basically the same as in [2] . 
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Theorem 2.4. For any X — {y,U,i') G J^, the system (2.19) admits a unique global 
solution X{t) = {y{t), U{t), v{t)) in C^{M.+ , E) with initial data X = (y, U, v). We 
have X{t) Cz J- for all times. Let the mapping S : J^ x M+ -^ T he defined as 

St{X)=X{t). 

Given M > and T > 0, we define Bm as before, that is, 

Bm = {X^ {y,U,v) e E I \\U\\^^.^ + bdlii + II^^IIli < M}. (2.25) 

Then there exists a constant Cm which depends only on M and T such that, for 
any two elements X^ and Xj^ in Bm , we have 

\\StXa - StXpW^ < Cm \\Xa - XpW^ (2.26) 

for any t G [0, T]. 



Proof. By using Lemma 2.1 we proceed using a contraction argument and obtain 
the existence of short time solutions to (2.19). Let T by the maximal time of 
existence and assume T < oo. Let {y,U,v) be a solution of (2.19) in C^{[Q,T),E) 
with initial data {y^, Uq,i>q). We want to prove that 



sup Wivit, ■),U{t, ■),v{t, •))ll£; <oo. 
te[o,T) 



(2.27) 



From (2.19), we get 



/ y{t,Od^^ I 1^(0,0^??+ / f i-2QUy^ + {3U^-2P)U^)it,Odtdi 
Jo Jo Jo Jo 



H0,OdC 



Ho,Odi- 



f f {U^-2PU)^it,C)d^dt 
Jo Jo 



(2.28) 



Hence, \\v{t, ■)\\]^i = ||j^(0, OIIli- This identity corresponds to the conservation 
of the total energy. We now consider a fixed time t g [0, T) which we omit in the 
notation when there is no ambiguity. For ^ and 77 in [0, 1], we have |j/(^) — yiv)\ ^ 1 
because y is increasing and y{l) — y{0) = 1. From (2.24c), we infer U^y^ < v and, 
from (2.15), we obtain 



IQI< 



1 



e-l 



sinh(|2;(0-J/(?7)l)i'(»?)(^'? 



-\v'^(•')-y('^)\v{T])d^. 



Hence, 



||Q(i, •)llL=^<^IIKt, •)IIli=c|1Ko, OILi (2.29) 

for some constant C. Similarly, one prove that ||P(i, OIIl^ — C'||^(0, OIIli ^^d 
therefore supjg[(,,T) l!Q(*: OIL- and sup^gfo^T) 
— Q, it follows that 



ll^(^j ')IIl= 8'I'6 finite. Since Ut 



l|c/(i, •)IIl=c<||c/(o, oiLoo+CTiiKo, OIIli 



(2.30) 



and suptgjo.T) l|C^(^7 ' )IIl°= < oo- Since yt = f/, we have that sup(g[o_T) l|y(i, ' )IIl= 
is also finite. Thus, we have proved that 

Ci= sup {\\U{t,-)\\^^-r\\P{t,-)\\^^-r\\Q(t,-)\\^^} 

te[o,T) 
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is finite and depends only on T and ||[/(0, OIIl^o + \W{^i ')IIli- -'^'-'^ ^(^) = 
lly?(*; OIIli + ll^c(^' OIIli + lk(^^ OIIli- Using the semi-linearity of ( |2.18p with 
respect to {y^ ^U^,^), we obtain 

Z(i) < Z(0)+C / Z(T)dT 

where C is a constant depending only on Ci. It follows from Gronwall's lemma 
that supfgrp T) ■^(0 's finite, and this concludes the proof of the global existence. 
Moreover we have proved that 

\\U{t, ■ )|j^^ia + \\y^{t, ■ )||^, + Mt, • )ILi < Cm (2.31) 

for a constant Cm which depends only on T and \\U{0, ■)\\^y1,i + \\y^{0, OIIl^ + 
\\iy{0, ■ )||ii. Let us prove (2.26). Given T and XajXp £ Bm, from Lemma 2.1 and 
(2.31), we get that 

||C/a(i, • ) - C//3(t, • )IIl- + IIQ"(*' • ) - QM*' • )IIl- < Cm \\Xo.it) - Xp{t)\\^ 

where Cm is a generic constant which depends only on M and T. Using again 
(2.18) and Lemma 2.1 we get that for a given time t E [0,r], 



\\Uc.^-Up^\\^,+ 



1 

2 ° 



^--2 r> \ „. ^,,^ (^tt2 p 



7,K-Po.]yc.^-^^p-[^u'p 



/3 2/,9C 



Li 



+ ||-2Q„ C/„y„5 + [ml - 2P„) ;7„5 + 2Qp Upy^^ - (SC/^ - 2Pp) Ufi^\\^, 

< Cm \\Xa — XfsW^ . 

Hence , \\F{Xa {t)) - i^(X;3(t))||^ < Ca/ ||^aW - Xp{t)\\j^ wher e f is defined as in 
(|2.20[). Then, (|2.26[) follows from Gronwall's lemma apphed to (|2.20[). D 



3. Relabeling invariance 

We denote by G the subgroup of the group of homeomorphisms on the unit 
interval defined as follows: 

Definition 3.1. Let G he the set of all Junctions f such that f is invertible, 

f e Wl;^{R), /(e + 1) = fiO + 1 for all ^ e R, and (3.1) 

/ - id and /"^ - id both belong to l^p'?°. (3.2) 

The set G can be interpreted as the set of relabeling functions. Note that f E G 
implies that 

T^ < /C < 1 + a 
1 + a 

for some constant a > 0. This condition is also almost sufficient as Lemma 3.2 in 

[11] shows. Given a triplet {y,U,v) £ T, we denote by h the total energy ||i^||^i. 

We define the subsets J- a of T as follows 

T^^{X = (y, U,iy)e:F\ ^^ < ^ {y^ + ,,)<l + a}. 

The set J^) is then given by 

J-Q = {X = {y,U,iy) e T \ y^ + ly = 1 + h}. 
We have J^ = ^a>o^a- We define the action of the group G on J^. 



(3.3) 
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Definition 3.2. We define the map ^■. G x J^ ^ J^ as follows 

y = y°f, 

U^Uof, 

V = i^o ffi, 

where {y, U, D) = $(/, (y, U, i')). We denote {y, U, D) = (y, U, v) • f. 

Proposition 3.3. The map $ defines a group action of G on T . 

Proof. By the definition it is clear that $ satisfies tlic fundamental property of a 
group action, that is X • /i • /2 = X • (/i o f^) for all X e J^ and /i, /2 G G. It 
remains to prove that X* f indeed belongs to T . We denote X ~ {y, tj .v) — X • f, 
then it is not hard to check that y(^ + 1) = y{0 + 1: ^(C + 1) = ^(0> and 
i>{^ + 1) = i>(^) for all ^ e M. By definition we have v — v o ff^^ and we will now 
prove that 

k^yi°ffi' and Ui = U^off^, 

almost everywhere. Let Bi be the set where y is differentiable and B2 the set where 
y and / are differentiable. Using Rademacher's theorem, we get that meas(i?J) — 
meas(i32) = 0. For ^ € S3 = i32 H f~^{Bi), we consider a sequence ^i converging 
to ^ with £,1^ (, for alii e N. We have 

y(/(6)) - yifio) /(e») - /(o ^ ym - m .^4^ 

/(CO - fio c. - e e. - c ■ ^ ' ' 

Since / is continuous, /(Ci) converges to /(^) and, as y is differentiable at f{£,), the 
left-hand side of ( |3.4[ ) tends to j/j o /(0/c(C); the right-hand side of (3.4) tends to 
iJdOi and we get 

ydfiO)m)^ydO, (3.5) 

for all ^ e Ba. Since f~^ is Lipschitz continuous, one-to-one, and meas(i32) = 0, we 
have meas(/~^(i?i)^) = and therefore (3.5 1 holds almost everywhere. One proves 



the other identity similarly. As /^ > almost everywhere, we obtain immediately 
that ( |2.24b[ ) and ( |2.24c[ ) are fulfilled. That ( |2.24a[ ) is also satisfied follows from the 

ly^ll^i — Wy^Wj^i, as y^ is periodic with period 1. The 



following considerations: 

same argument applies when considering 



U^ 



and 



Li 



As U is periodic with 



period 1, we can also conclude that 
II y II ^00 is bounded, but not equal to 



\U\ 



As / e G, one obtains that 

D 



Note that the set Bm is invariant with respect to relabeling while the ii^-norm 
is not, as the following example shows: Consider the function y{£) = ^ G Vi, and 
f £ G, then this yields 



ufim 



1/(011 



= ([0,1]) - 11^ lS^llL=e([o,l]) • 

Hence, the L°°-norm of y{f{£,)) '^iH always depend on /. 

Since G is acting on J-, we can consider the quotient space T/G of T with respect 
to the group action. Let us introduce the subset H of J^q defined as follows 



Jo 



yiOd^^o}. 



(3.6) 
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It turns out that % contains a unique representative in J- for each element of J^/G, 
that is, there exists a bijection between % and J- jG. In order to prove this we 
introduce two maps W\: T ^t Tq and 112 : J-q — > "H defined as follows 

ni(x) = x.ri (3.7) 

'^i*^ / = I+h (2^ + /o^ '^('^) ^'') e G and X = (y, [/, z^), and 

n2(X)=X(e-a) (3.8) 

with a ~ L y{^) d£^. First, we have to prove that / indeed belongs to G. We have 

/(C+l) = YTn^ (2/(^ + 1) + ! Hv)dv) 

'y(e) + 1 + / ^('7) dT^ + h)= /(O + I 



l + h 



and this proves (3.1). Since {y,U,i^) G J^, there exists a constant c > 1 such that 
- < f^ < c for almost every £_ and therefore (3.2 1 follows from an application of 



ly 



Li 



Lemma 3.2 in |14j . After noting that the group action lets the quantity h 
invariant, it is not hard to check that ni(X) indeed belongs to J-q, that is, TTriVi' 
D) — 1 where we denote (y, U, D) = Ili{X). Let us prove that {y, U, v) = 112 (y, U, v) 
belongs to Ti, for any (y, C/, v) £ Tq. On the one hand, we have j—riy^ + D) — I 
because h = h and j-i^(y^ + z^) = 1 as {y, U, v) E F^. On the other hand, 

m)d£.= I \iOdC= [ yiOd^+ f yiOdC+ [ \iOd( (3.9) 

J-a Jo J-a Jl 

and, since y(^ + 1) = y(^) + 1, we obtain 

/ m)di= f y{Odi+ f yiOd^+ I \iOd^-a^ f yi^dx-a^O. 

Jo Jo J-a Jo Jo 

(3.10) 



Thus 112 (X) G 'H. Note that the definition (3.8) of 112 can be rewritten as 



where Tq : ^ i-^- ^ — a denotes the translation of length a so that 112 (X) is a relabeling 
of X. 

Definition 3.4. We denote by 11 the projection of J- into % given by Hi o 112. 

One checks directly that 11 o 11 = 11. The element n(X) is the unique relabeled 
version of X which belongs to T-L and therefore we have the following result. 

Lemma 3.5. The sets T jG and % are in bijection. 

Given any element [X] e J^/G, we associate n(X) e %. This mapping is well- 
defined and is a bijection. 

Lemma 3.6. The mapping St is equivariant, that is, 

St{X.f) = St{X).f. (3.11) 



Proof. For any Xq = {yo,Uo,i/o) e T and / € G, we denote Xq = {yo, Uq, vq) = Xq 



• 



/, X{t) = StiXo), and X{t) = St{Xo). We claim that X{t) • / satisfies (2.19) and 



therefore, since X{t) • / and X{t) satisfy the same system of differential equations 
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with the same mitial data, they are equal. We denote X{t) = {y{t),U{t),i){t)) = 
X{t) • /. Then we obtain 

^* " 4 / ^^Sn(C - '/) exp ( - sign(C - r]){y{£_) - y {?]))) [U^y^ + v] {Tj)dr]. 

As y^iO = %(/(C))/?(C) and i>(0 = '^{fiO)fdO for ahiiost every ^ S M, we obtain 
after the change of variables rj = /{ri'), 



Treating similarly the other terms in (2.19), it follows that {y,U,i>) is a solution 
of (2.191. Thus, since {y,U,i)) and {y,U,i>) satisfy the same system of ordinary 
differential equations with the same initial conditions, they are equal and (3.11 1 is 
proved. D 

From this lemma we get that 

noS'ton = noS't. (3.12) 

Definition 3.7. We define the semigroup St on % as 

St = no St. 



The semigroup property of St follows from (3.12 1. Using the same approach as 
in |14j . we can prove that St is continuous with respect to the norm of E. It follows 
basically of the continuity of the mapping 11 but 11 is not Lipschitz continuous and 
the goal of the next section is to improve this result and find a metric that makes 
St Lipschitz continuous. 

4. Lipschitz metric for the semigroup St 
Definition 4.1. Let Xa,Xp G T , we define J(Xq,X^) as 

J{X^,X,i)^ inf \\X^,f-Xp,g\\^. (4.1) 

Note that, for any XajXfj £ T and /, g e G, we have 

J(X„./,X^.g) = J(X„,X^). (4.2) 

It means that J is invariant with respect to relabeling. The mapping J does not 
satisfy the triangle inequality, which is the reason why we introduce the mapping 
d. 

Definition 4.2. Let Xo^X^ E T , we define d{Xa,Xfi) as 

N 

d(X„,X^) = inf^J(X„_i,X„) (4.3) 

1=1 

where the infimum is taken over all finite sequences {^n}^=o ^ -^ which satisfy 
Xq — Xa and X^ — Xp . 

For any X^, X^ e T and /, 5 G G, we have 

d{X^>f,Xp,g) = diX^,Xp), (4.4) 

and d is also invariant with respect to relabeling. 
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Remark 4.3. The definition of the metric d{Xa, Xp) is the discrete version of the 
one introduced in [5]. /n [5], the authors introduce the metric that we denote here 
as d where 

d{X^,Xfi)=mi f \\\X,{s)\\\xis)ds 
Jo 
where the infimum is taken over all smooth path X{s) such that X{0) = Xa and 
X(l) = Xp and the triple norm of an element V is defined at a point X as 

^-ini\\V~gX^\\ 



9 

where g is a scalar function, see [^ for more details. The metric d also enjoys the 



invariance relabeling property (4.4). The idea behind the construction of d and d is 
the same: We measure the distance between two points in a way where two relabeled 
versions of the same point are identified. The difference is that in the case of d we 
use a set of points whereas in the case of d we use a curve to join two elements X^ 
and Xp . Formally, we have 

lim^^J{X{s),X{s + S)) = |||X,||U(,). (4.5) 

We need to introduce the subsets of bounded energy in J-q. 
Definition 4.4. We denote by J^*^ the set 

T^' = {X = {y,U,iy)eT\h= \\u\\^, < M} 
and letn" ='Hr\F^' . 

The important propery of the set J-^' is that it is preserved both by the flow, 



see (2.28), and relabehng. Let us prove that 

Bm nuc H^^ ^B^nn (4.6) 

for M = 6(1 + A/) so that the sets Bm H "H and Ti,^^ are in this sense equivalent. 



From ( pr3| ), we get ||y^||^oo < 1 + M which imphes \\y(_\\^i <l + M. By ( |2.24c[ ), 
we get that U"^ < y^v < ^{yl + v"^) < 5(2/5 + 1^)'^ < |(1 + h^ and therefore 

\m\Li < 1 + M. Since /^ 3/5(77) dr^ = 1 and y^ > 0, the set {^ G [0, 1] | y; (Q > i} 
has strictly positive measure. For a point ^0 in this set, we get, by ( 2.24c[ ), that 
UH^o) < ^ < 2(1 + M). Hence, \\U\\^^ < |f/(Co)| + \\U^h. < 3(1 + M) and, 
finally, 

\\U\\^^.l + \\y^\\^, + \Wh^<6{l + M), 



which concludes the proof of (4.6 1 



Definition 4.5. Let d]\j be the metric on H^^ which is defined, for any XajXp E 
H^', as 

N 

dMiX^,Xp) = inf ^ J(X„_i,X„) (4.7) 

where the infimum is taken over all finite sequences {Xn}n=Q G "H^^ which satisfy 
Xq = Xa and X^ = Xp . 

Lemma 4.6. For any Xa,Xp e Ti.^^ , we have 

ha - y/j|lioc, + \\Ua- Uf}\\^^ + \ha - hp\ < CMdM{Xa,Xp) (4.8) 

for some fixed constant Cm which depends only on M . 
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Proof. First, we prove that for any XajXp G V,^^ , we have 

ha - y^h^ + \\Uo. - u^W^^ + K - h\ < CmJ{x^,Xp) (4.9) 

for some constant C^ which depends only on M. By a change of variables in the 
integrals, we obtain 



ha\^ 



I ^a° fU C^^ - / ^/3 ° 99^ (^ 

Jo Jo 



We have 

l|ya-y,3|li,oo +||C/a-^/3|lioo 

< II^Q •f-Xj3»g\\j^ + \\yp of-ypo g\\^^ + \\Up o f - Up o g\\^^ 

< ||X„ . / - X^ . g\\^ + iWyp^W^^ + ||C//3cIIloo) ||/ - 9\\l^ • (4.10) 

From the definition of H^^ we get that, for any element X — {y, U, ly) G H^^ , we 
have lly^ll^^, + ||j^||ioo < 2(1 + M). Since C/| < y^v, from ( |2.24c[ ), it follows that 
\\U^\\^^. < 2(1 + Af). Thus, ( |4l0| yields 

ba - yph^ + WUc - Up\\^^ < \\X^ •f-Xp. g||^+4(l+Af) 11/ - g\\^^ . (4.11) 



We denote by Cm a generic constant which depends only on M. The identity (4.9) 
will be proved when we prove 



\\f ~ 9\\l^ <Cm\\Xo.' f - Xp.gW^ 
By using the definition of H, we get that 

1 , . .. „ 1 



(4.12) 



l/c-ffdlii 



< 



ha — hp 



1 



l + hp l + hp 

<CM\\Xa-f-Xp,g\\^ 



l + hp 
Xa» f-Xp»g\\j^ 



{VK ° 9 + 1^13° 9)9^ 



Li 



(4.13) 



Let 5 = 5(0) — /(O). Similar to (3.9| and (3.10), we can conclude that 

1 /•/(o)+i+5 

y/J ° (/ + 5)hd£, - / ypd^ 

Jfi0)+5 

rl rl+f{0)+S 

ypdi+ I ypd^+ / ypdS, 

/(0)+(5 Jo Jl 

^1 /•/(0)+5 

fm+s Jo 

= fiO) + S. 

Thus we have S = J^ yi3o{f + S)f^ d£, - /(O) and analogously = J^y^o {f)f^d^ - 
/(G). Hence, 

nl /-l 



ypd^ + /(o) + s 



\s\ = 



yp°{f + <5)/c d^- y^o ff^ rfe 



By (4.131, we get that 



\\9-f- Sh^ < ll/c - 5dlLi < Cm \\Xa 'f-Xp.g\\ 



(4.14) 
(4.15) 
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Then, since 



<CM||^a-/-^/3-<?IU, 

we obtain that 

ha o f~ypo{f + 6)\\^^ < Wva o f ~ypo g\\^^ + ||y^ o g - y^ o {f + S)\\^^ 

<CM\\X^>f-Xp.g\\^. (4.16) 



Then, (4.14) yields 



\5\<CM\\Xc.'f~X0.g\' 



(4.17) 

From ( |4.15[ ) and ( |4.17p , ( |4.12p and therefore ( |4.9p follows. For any e > 0, we 
consider a sequence {Xn}n=o ^^ ^^^ ^^ch that Xq — X^ and Xj^ — Xp and 
E,=i J{Xn-uXn) < dM{X^,X0) + e. We have 



< 



N 

E 



||yn-l - 2/n|lL~ + \\Un-l ^ Un\\ i^^ + {K-l ~ /l„ | 



N 



n=l 

<CM{dM{Xa.,Xp)+e). 



Since s is arbitrary, we get (4.8 1. 



D 



(4.18) 



From the definition of d, we obtain that 

diX^,Xp)<\\X,,-X4^, 

so that the metric d is weaker than the £'-norm. 

Lemma 4.7. The mapping d^ '■ "H*^ x H^^ -^ M_|_ is a metric on Ti,^^ . 

Proof. The symmetry is embedded in the definition of J while the construction of 
dM from J takes care of the triangle inequality. From Lemma |4.6[ we get that 
dM{XonXjj) = implies that ya = yp, Ua — Up and ha — hp. Then, the definition 
(3.3) of To implies that Va — vp. D 



Remark 4.8. In [14 , a metric on % is obtained simply by taking the norm of 
E. The authors prove that the semigroup is continuous with respect to this norm, 
that is, given a sequence Xn and X inH such that lim„_j.oo W^n — X\\e' '"^ have 
lim„_j.oo piX„ — ^jX = 0. However, St is not Lipschitz in this norm. From 
(4.18), we see that the distance introduced in |14j is stronger than the one introduced 



here. (The definition of E in [141 differs slightly from the one employed here, but 
the statements in this remark remain valid). 

We can now prove the Lipschitz stability theorem for St. 

Theorem 4.9. Given T > and M > 0, there exists a constant Cm which depends 
only on M and T such that, for any Xa, Xp G H^'^ and t G [0, T], we have 



dMiStXa,StXp) < Cj^idM{Xa,Xi3). 



(4.19) 
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Proof. By the definition of (Im, for any e > 0, there exists a sequences {Xn}n=o i'^ 
y.^^ and functions {fn}n=i i {9n}n=i ™ ^ ^^^^h that Xq = Xa, X^ = Xp and 

N 
Y, ll^n-l • fn-1 - X^ . g„-l\\E < dM{Xc„Xp) + s. (4.20) 



Since "H*^ C -Bjg for M = 6(1 + M), see (4.6), and Bjg is preserved by relabeling, 
we have that X„ • /„ and X^ • g-n-i belong to -Bjg. From the Lipschitz stability 
result given in (2.26), we obtain that 

||'S't(X„_i • /„-l) — St{Xn • (jr„_i)||^ < Cm ll-'^ri-l • fn-1 — Xn • .g„_l||^ , 

(4.21) 
where the constant Cm depends only on M and T. Introduce 



Xn - X„ . /„, X*, = St{Xn), forn = 0, . . . , iV ~ 1, 



and 



X„ = X„ • 5„_i, X^ = 5't(X„), for n = 1, 



,iV. 



Then (4.20) rewrites as 

/ ^ p^n-1 — Xr^ 



N 



i=l 



<dM[X^,Xfi)+e 



while (4.21) rewrites as 



-^ri-1 ^ ^n 



<c 



M 



Xn-1 ^ Xr, 



(4.22) 



(4.23) 



We have 

n(x*) = n o ^,(Xo . /o) = n o (5,(Xo) • /o) = n o 5t(Xo) = 5t(x„) 

and similarly 11 (X^) = S^t(X^). We consider the sequence in H^^ which consists 
of {nX^I^Jo^ and StiX/^). The set J"^^ is preserved by the flow and by relabeling. 
Therefore, {nX*J^-^ and 5t(X^) belong to H^ . The endpoints are St{Xa) and 
S4(X^). From the definition of the metric cIm, we get 

N~l 

dM{St{X^),St{Xfs)) < J2 {Ji^Xl^i,^Xi)) + J{UX%_„St{X0)) 



n=l 
AT-l 



= Y. {j{Xl_„Xl)) + J{X\,_„X\,)) by ^. 



By using the equivariance of St , we obtain that 

Xi = St{X,,) = StiiXn • fn') • .g„-l) 

= StiXn) • (/„~' o g„_i) = X^ . (/-I O 5„_i) 



(4.24) 



(4.25) 



Hence, by using (4.2), that is, the invariance of J with respect to relabeling, we get 
from ( |4.24[ ) that 

Af-l 

dM{St{x^),St{Xp)) < J2 {J{xi_„xi))+J{x%_„x%) 
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N 
n=l 


E 


N 


CM{dM{Xa,Xp) 


+ e) 



by (4.18) 



by (4.23) 



After letting e tend to zero, we obtain (4.19). 

5. From Lagrangian to Eulerian coordinates 



D 



We now introduce a second set of coordinates, the so-called Eulerian coordinates. 
Therefore let us first consider X — {y, U, v) £ T . We can define the Eulerian 
coordinates as in |14j and also obtain the same mappings between Eulerian and 
Lagrangian coordinates. For completeness we will state the results here. 

Definition 5.1. The set V consists of all pairs {u, fj.) such that 

(i) U e ffper; '^^'^ 

(ii) fi is a positive Radon measure whose absolute continuous part, pLi^c, satisfies 



Mac = (u^ + ul.)dx. 
We can define a mapping, denoted by L, from T> to H C J-: 
Definition 5.2. For any [u^ jjl) in V, let 

/i = m([o,i)), 

y(0 = sup{y|F^(2;)+2/<(l + /i)a, 

v{0^{l + h)-y^{0: 
U{C) = uoy{i), 

where 

^i{[Q,x)) 



(5.1) 



(5.2) 



Ft.{x) = 





-li{[x,0)) 



if X > 0, 
ifx^O, 
if X <0. 



(5.3) 



Then (y, U, v) E Fq. We define L{u, /i) = Tl{y, U, v). 



Thus from any initial data (mo,/^o) G 2?, we can construct a solution of (2.19) 
in J- with initial data X^ = £(wo,Mo) G F- It remains to go back to the original 
variables, which is the purpose of the mapping Af , defined as follows. 



(5.4) 



Definition 5.3. For any X £ T , then {u, /i) given by 

u{x) = C/(^) for any ^ such that x — y{£,), 

fi = y#{i^dS,), 

belongs to T>. We denote by M the mapping from J- to T> which for any X £ J- 
associates the element {u, fi) € T> given by (5.4). 

The mapping M satisfies 



M = M o n. 

The inverse of L is the restriction of M to H, that is, 

Lo M = n, and M o L = id . 



(5.5) 
(5.6) 
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[X] 




Lagrangian coordinates {T) 



(Id,«o,/_"^d/Jo) 



Eulcrian coordinates (T)) 



Figure 2 . A schematic illustration of the construction of the semi- 
group. The set F where the Lagrangian variables are defined is 
represented by the interior of the closed domain on the left. The 
equivalence classes [X] and [Xq\ (with respect to the action of the 
relabeling group G) of X and Xq, respectively, are represented by 
horizontal curves. To each equivalence class there corresponds a 
unique element in % and 2? (the set of Eulerian variables). The 
sets T-L and T) are represented by the vertical curves. 

Next we show that we indeed have obtained a solution of the CH equation. By 
a weak solution of the Camassa-Holm equation we mean the following. 



Definition 5.4. Let u: M_|_ x 

(ii) the equations 



Assume that u satisfies 



and 



'u{t, x)(j)t{t^ x) + (^(t, x)ux{t, x) + Px(t, x))(f>{t, x)dxdt 

u{0,x)(j){0,x)dx, (5.7) 

JR 

{P{t, x) - y?(t, x) - -ul{t, x))(t){t, x) + Px{t, x)4)x{t, x)dxdt = 0, (5.8) 
I 2 

hold for all (j) e C5°([0, oo), M). Then we say that u is a weak global solution of the 
Camassa-Holm, equation. 

Theorem 5.5. Given any initial condition {uo,iio) € T), we denote {u,fi){t) — 
Tt{uo, iiq). Then u(t,x) is a weak global solution of the Camassa-Holm equation. 

Proof. After making the change of variables x — y{t, ^) we get on the one hand 

u{t,x)Mt,x}dxdt = - [[ u{t,y{t,())Mt,y{t,0)ydt^OdCdt 

J Jm+xr 

u{t,0[m,y(t,0)t - Mt,y{t,myt{y,0]ydt,Od^dt 
[u{t,Oyii*^Om,yit,0))t - Mt^yit^O)u{t,0'Hdt 
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= /t/(O,e)0(O,y(O,O)2/«(O,Orf^ (5.9) 

u\t,OMt^yit^O)d^dt 

<R 

(Q(i, Ovdt^ + u^t, Ouit, 0)Ht, yit, 0)d^dt, 



while on the other hand 



+ > 



(u(i, x)ux{t, x) + Px{t, x))(f>{t, x)dxdt 

{u{t, c)u^{t, + PAt, y(t, 0)ydt^ 0)<f>it, y{t, 0)d^dt (5.10) 

xR 



which shows that (5.7) is fulfined. Equation ([5.8^ can be shown analogously 



Px(t, x)(f)x{t, x)dxdt 

+ xR 

Q{t.Oydt.O't>x{tMt,^))d^dt 

;R 

Q{t,Oh{t.y{t,0)d^dt (5.11) 

;R 

Q^{t,S,)<l>{t,y{t,0)d^dt 

+ xR 

[\At, + {\u\t, - P(i, 0)ydt. e)]0(t, y(i, 0)^^^^ 

+ xR ^ ^ 

[-^^.(t, x) + u (i, x) — P(i, x)]0(t, x)dxdt. 

+ xR 2 

In the last step we used the following 

1 /•y(0)+l Ml) 

u^ + u^dx = / u^ + u^dx = / u^ + u^dx (5.12) 

Jy(()) Jy{0} 

= / U'^yi + —dC= / i^dx, (5.13) 

-'{Se[o,i]|y5(*,«)>o} 2/« -'o 

the last equality holds only for almost all t because for almost every t e M+ the set 
{£, e [0, 1] I y^{t,^) > 0} is of full measure and therefore 

1 .1 

{u^ + ul)dx = / i^d^=^ h, (5.14) 

"'0 

which is bounded by a constant for all times. Thus we proved that u is a weak 
solution of the Camassa-Holm equation. D 
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Next we return to the construction of the Lipschitz metric on T). 

Definition 5.6. Let 

Tt:= MStL:V^V. (5.15) 



Note that, by the definition of St and (5.5), we also have that 



Tt - MStL. 

Next we show that Tt is a Lipschitz continuous semigroup by introducing a metric 
on T). Using the bijection L transport the topology from H to T>. 

Definition 5.7. We define the metric dj) '■ T) x V -^ [0,oo) by 

dv{{u, m), (u, jj.)) = d{L{u, fJ.),L{u, ft)). (5.16) 

The Lipschitz stability of the semigroup Tt follows then naturally from Theo- 
rem |4.9| The stability holds on sets of bounded energy that we now introduce in 
the following definition. 

Definition 5.8. Given M > 0, we define the subsets 2?^^ ofD, which corresponds 
to sets of bounded energy, as 

V^' = {{u, ^l)eV\ Ai([0, 1)) < M}. (5.17) 

On the set D^^ , we define the metric d-^M as 

dvM{{u,n),{u,fl)) ^dM{L{u,fi),L{u,fj.)) (5.18) 



where the metric dM is defined in (4.7) 



The definition (5.18[) is well-posed as we can check from the definition of L that 



if {u, fi) e V then L{u, fi) € "H . We can now state our main theorem. 

Theorem 5.9. The semigroup (Tt, dx>) is a continuous semigroup onT> with respect 
to the metric dv ■ The semigroup is Lipschitz continuous on sets of bounded energy, 
that is: Given M > and a time interval [0,T], there exists a constant C which 
only depends on M and T such that, for any (u, /i) and {u,fi) in T>^ , we have 

dj,M {Tt{u, ^i),Tt{u, fi)) < Cdx,M{{u,n),{u,fi)) 

for all t £ [0, T] . 

Proof. First, we prove that Tt is a semigroup. Since St is a mapping from H to "H, 
we have 



TtTf = MStLMSt'L = MStSfL = MSt+t'L = T, 



t+t' 



where we also use (5.6 1 and the semigroup property of St- We now prove the 
Lipschitz continuity of Tt . By using Theorem |4.9[ we obtain that 

dx,M {Tt{u, ^),Tt{u, jl)) == dM{LM StL{u, ^) , LM StL{u, fi)) 
= dM{StLiu, ^i), StL{u, ft)) 
< CdM{L{u,y),L{u,ji)) 
= Cdx,M{{u,fi),{u,fl)). 

D 
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6. The topology on V 

Proposition 6.1. The mapping 

u^ {u,[u^ +ul)dx) (6.1) 

is continuous from, H}^^^. into D. In other words, given a sequence u„ G -ffpcr 
converging to u £ Hpcr, then {un, (u^ -\- u'^^,j.)dx) converges to (u, (u^ +u'^)dx) in T> . 

Proof. Let X„ — (j;„, C/„, Vn) be the image of (u„, (u^ + u^ x)^^) given as in (5.2) 
and X = (y, U, v) the image of (w, (v? + u'^)dx) given as in (5.2 ). We wiU at first 
prove that u„ converges to u in i/p^j. imphes that Xn converges against X in E. 
Denote <?„ = ?i^j + m^j^, and g = u^ + u^, then (7„ and 5 are periodic functions. 
Moreover, as Xn, X £ F^, we have j/„^^ + z^„ = 1 + /i„ and j/^ + ;/ = 1 + /i, where 



^n = ll^nllii s-nd. /i = II^IIli- By Definition 5.2 we have that yn(0) = and 
y(0) = 0, and hence 

gn{x)dx + VniO ^ I '^n{x)dx + y„{S.) ^ {l + hn)^, (6.2) 

/o Jo 

r-y(«) /•? 

g(x)dx + y(0 - / i^(.x)da; + y{0 = (1 + /i)e 
/o Jo 

By assumption w„ — > u in H}^^^, which imphes that u„ — > u in L°° , <;„ — > 5 in i^, 
and ft,„ — > ft,. Therefore we also obtain that ?/„ -^ j/ in i°°. We have 

Un-U = UnOyn-uoy = UnOVn-uoyn + uoy.n-uo y. (6.3) 

Then, since u„ -^- m in L°°, also u„ o y^ ^> u o j/„ in L°° and as u is in H}^^^, we 
also obtain that u o ?/„—>• u o y in L°° . Hence, it follows that £/„—>■ C/ in L°° . By 
definition, the measures {u^ + u^)dx and {u^ + u^x)dx have no singular part, and 
we therefore have almost everywhere 

1 + fc , 1 + K 

yi = ^, and j/„j = — . 6.4 

1 + gov 1 + g„ o y„ 



Hence 



y, - vn, = y,yn, (^^^^- ^^^ j (6.5) 



■ V l + hn 



l + h 



+ i^^\9n. O Vn - 9 ° Vn + 9 ° Vn ~ 9 ° yj- 

1 + n 
In order to show that (,„,(, ^ Q in ^pcr; it suffices to investigate 



\9 ° yn - 9 ° y\yiyn,id£„ (6.6) 



and 



\9nOyn- 9° yn\y^yn,id^, (6.7) 



as we already know that hn ^ h and therefore j/„.j and y^ are bounded. Since 
< 2/^ < 1 + ft, we have 

r-l 

\9°yn - 9n o yn\ye.yn,e.dS, < (1 + ft) Wg- gnW^i ■ (6.8) 
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For the second term, let C — sup„(l + hn) > 1. Then for any e > there exists a 
continuous function v with compact support such that ||g — w||^i < e/3C^ 
can make the foUowing decomposition 

{g°y- 9° Vn)yn,e,V(, ^ {g°y-vo y)yn,e,yi 

+ {voy-vo yn)yn,iy£, + {voy^- go yn)yn.,£,ye. 
This imphes 



Li < e/3C^ and we 
(6.9) 



/ \g o y ~ V o y\yn,iyid^ < C \goy~voy\y^d^<e/S, 
Jo Jo 



(6.10) 



and analogously we obtain J^ \g o y„ — w o yn\yn,^y^d^ < e/3. As ?/„ — > y in L°° 
and V is continuous, we obtain, by applying the Lebesgue dominated convergence 
theorem, that w o y„ — >• u o y in L^, and we can choose n so big that 

»i 

\voyn~-vo y\yn,^yid^ < C^ \\v o y - v o j/„||^i < e/3. (6.11) 

Hence, we showed, that J^^ \9 ° y — 9 ° yn\yn,^y^d£, < e and therefore, using (6.9), 

lim / \goy~ goyn\yn,^y^d^ = 0. (6.12) 

"^°° Jo 

Combing now (6.5), (6.8), and (6.9), yields Cnf ^ Cc ™ ^^' ^''^^1 therefore also 
Un —^ v in L^ . Because Cn^ ^^'^ ^n are bounded in L°°, we also have that C,ri,e, — >■ Cc 
in LP' and Vn — ^ v 'm L^ . Since yn,^, i^n and C/„ tend to yj, v and t/ in L^ and 
||CAi|lioc and ||?/n,4ll^oo, are uniformly bounded, it follows from (2.24c) that 



lim ||[/„,5||^, = \\U^\ 



L2 • 



(6.13) 



Once we have proved that [/„_j converges weakly to U^, this will imply that t/„^^ 
[/^ in L^. For any smooth function (j) with compact support in [0, 1] we have 



Un,£,(t)di ■ 



Un,x ° ynyn,c4'd£. = / w„,^0 O J/„ ^ d£, 



(6.14) 



By assumption we have u„,^ — > u^ in L^. Moreover, since j/„ — > y in i°°, the support 
of o y~^ is contained in some compact set, which can be chosen independently 
of n. Thus, using Lebesgue's dominated convergence theorem, we obtain that 
'< o vZ^ ^ 6 o v^^ in L^ and therefore 



yn 



•y 



lim 



Un^iHi ■ 



U^(j)oy ^d^ 



U^(j)dC 



(6.15) 



Form (2.24c) we know that Un,^ is bounded and therefore by a density argument 
(6.15) holds for any function (j) in L^ and therefore C/„^j — >■ U^ weakly and hence 
also in L^. Using now that 

\\Un,i-U^h.<\\Un.^~U^\\^,, (6.16) 

shows that we also have convergence in L^. Thus we obtained that X„ — ^ X in E. 
As a second and last step, we will show that 112 is continuous, which then finishes 
the proof. We already know that y„ — >• y in L°° and therefore a„ — J^ yniOd^ 
converges to a = J„ y{S,)d^. Thus we obtain as an immediate consequence 



||t/„(^-an)-C/(C-a)||j 
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< llf/n(e - an) - t/(e - an)h^ + \\U (^ - a„) - C/(e - a)\\^^ , (6.17) 

and hence the same argumentation as before shows that Un{£, — an) -^ U{^ — a) in 
L°°. Moreover, 

1 
\Un,d^ - an) - U^ii - a)\d^ (6.18) 

<J \Un,d^~an)^Ud^-an)\dC + J \UdC-an)-Ud^-a)\d^ 

< \\Un,i - U^Wl^ + \mi - an) - f/ae - «)IIli , 

and again using the same ideas as in the first part of the proof, we have that 



f/„_j(^ — a„) — > U^{^ — a) in L^, which finally proves the claim, because of (4.18) D 



Proposition 6.2. Let (w„,^„) be a sequence in V that converges to {u, fi) in V. 
Then 

Un ~^ u in L^j. and ^n -^ M- (6.19) 

Proof. Let X„ = (y„,C/n,i^„) = L{un,i-in) and X ^ {y,U,v) = L{u,^) . By the 
definition of the metric dp, we have lim„_j.oo d{Xm X) = 0. We immediately obtain 
that 

X„^X inL°°(M), (6.20) 



by Lemma 4.6 The rest can be proved as in 44, Proposition 5.2]. D 
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